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Hydrodynami Limit for the Spin Dynamis of the Heisenberg Chain
Simon Grossjohann and Wolfram Brenig
∗
Institut für Theoretishe Physik, Tehnishe Universität Braunshweig, 38106 Braunshweig, Germany
We show that Quantum-Monte-Carlo alulations of the dynami struture fator of the isotropi
spin-1/2 antiferromagneti hain at intermediate temperatures orroborate a piture of diusive spin
dynamis at nite frequenies in the low-energy long wave-length limit and are in good agreement
with reent preditions for this by J. Sirker, R. G. Pereira, and I. Aek [arXiv:0906.1978v1℄.
PACS numbers:
The one-dimensional (1D) Heisenberg XXZ antiferro-
magnet
H = J
∑
l
[
∆Szl S
z
l+1 +
1
2
(S+l S
−
l+1 + S
−
l S
+
l+1)
]
, (1)
where J > 0 is the exhange oupling, Sz,±l are spin-1/2
operators on site l, and ∆ is the exhange anisotropy is
one of the best studied strongly orrelated many-body
system. Its magneti transport properties however, re-
main an open issue [1℄. Spin transport in the Heisenberg
hain is diretly related to arrier transport in 1D orre-
lated spinless fermion systems, via the Jordan-Wigner
transformation, and therefore is of great interest in a
broader ontext. Linear response theory [2℄ shows the
zero momentum, frequeny dependent spin ondutivity
σ′(ω) = Dδ(ω) + σ′reg(ω) (2)
to onsist of the Drude weight
D =
β
N
∑
m,n
Em 6=En
e−βEm |〈m|j|n〉|2 (3)
and a regular spetrum
σ′reg(ω) =
1− e−βω
ω
1
N
∑
m,n
Em 6=En
[
e−βEm ×
|〈m|j|n〉|2δ(ω − En + Em)
]
(4)
where j = jq=0 is the z-omponent of the spin urrent
with jq = (i∆J/2)
∑
l exp(−iql)(S−l S+l+1 − S+l S−l+1) and
m, n are the eigenstates with energies Em,n.
The Drude weight has been under intense srutiny for
more than two deades. However, no generally aepted
piture has emerged. A nonzero Drude weight would im-
ply dissipationless transport in a orrelated system [3℄,
despite the fat that [j,H ] 6= 0 for the XXZ model. Here
we give a brief summary regarding the status of this is-
sue and refer to [1℄ and refs. therein for a more extensive
summary. At T = 0 and in the massless regime |∆| < 1
of the XXZ hain, the zero temperature Drude weight
is known to be nite [4℄. At T 6= 0, Bethe-Ansatz (BA)
alulations arrive at ontraditory results regarding the
temperature dependene of D(T ) [5, 6, 7℄. The same
holds for the question whether D(T > 0) is nite or not
at the SU(2) symmetri point ∆ = 1 [5, 6℄. Reent nu-
merial studies using QMC [8, 9℄, exat diagonalization
(ED) at zero [2, 10, 11, 12℄, as well as nite magneti
elds [13℄, and master equations [14, 15℄ are onsistent
with D 6= 0 for |∆| ≤1 and T ≥ 0, supporting a ballisti
ontribution to the ondutivity at nite temperatures.
Reent time-dependent density-matrix renormalization
group (tDMRG) studies have given evidene for ballis-
ti spin dynamis for |∆| ≤1 in the out-of-equilibrium
ase [16℄.
The regular nite-frequeny ontribution σ′reg(ω) has
been onsidered by ED studies [17, 18℄, whih however
leave many open issues. Very reently, spin diusion
has been onjetured to govern the low-frequeny spe-
trum of the regular ondutivity [19℄, based on real-
time transfer matrix renormalization group (tTMRG)
and a perturbative analysis using bosonization. The lat-
ter provides for an approximate expression for the Fourier
transform of the retarded spin-suseptibility χret(q, t) =
iΘ(t)〈[Szq (t), Sz−q]〉, whih reads
χret (q, ω) = −Kvq
2
2pi
1
ω2 − v2q2 −Πret (q, ω) , (5)
with
Πret (q, ω) ≈ −2iγBω − bω2 + cv2q2 , (6)
where at ∆ = 1, K = 1, v = pi/2, 2γB = pig
2T ,
b = g2/4 − g3(3 − 8pi2/3)/32 + √3T 2/pi, and c =
g2/4 − 3g3/32 − √3T 2/pi have been obtained by per-
turbative expansions (PE) at T ≪ J [19℄ in pow-
ers of the running oupling onstant 1/g + ln(g)/2 =
ln
(√
pi/2 exp(G+ 1/4)/T
)
and G ≈ 0.577216 . . . is Eu-
ler's onstant [20℄.
Some remarks are in order. First, for ω ≪ γ, eqn.
(5) displays a diusion pole with a diusion onstant
Γ = (1 + c)v2/(pig2T ). I.e. within this approxima-
tion the spin dynamis of the Heisenberg hain would
allow for a plain hydrodynami limit. Seond, eqns.
(5) and (6) do not inorporate the nite width of the
spetral funtion χ′′ (q, ω) = Im[χret(q, ω)]/pi at T =
0, whih is dominantly set by the two-spinon ontin-
2uum. However, at q/pi ≪ 1 the latter width is of or-
der piJq3/16, whih for those wave vetors and tem-
peratures whih we will be interested in is negligible
against γB . Third, for any nite momentum q 6= 0,
the isothermal suseptibility χq =
∫∞
−∞
dωχ′′(q, ω)/ω ob-
tained from eqn. (5) is idential to the isolated sus-
eptibility χret(q, 0) =
∫∞
−∞
dωχ′′(q, ω)/(ω − i0+), sine
χ′′(q 6= 0, ω → 0) ∝ ω. Therefore χq = K/(2piv(1 + c)).
Furthermore, the isothermal suseptibility of the Heisen-
berg model is a ontinuous funtion of q. Its limiting
value limq→0 χq = χ0 at zero momentum is known from
thermodynami Bethe Ansatz (TBA) [20, 21℄. Therefore
K/(2pi)
v(1 + c)
= χ0 ≈ 1
pi2
(1− g
2
4
+
3g3
32
+
√
3T 2
pi
) = χPE , (7)
should be satised, where χPE is a known PE of the TBA
result [20, 21℄. This implies, that apart from eqns. (A2)
and (B3) of ref. [19℄, also the ratio K/v requires to be
renormalized o from 2/pi [22℄.
The spetral funtion χ′′(q, ω) is related to σ′reg(ω) by
means of the lattie version of the ontinuity equation
∂tS
z
q = (1− exp(−iq)) jq through
σ′reg(ω) = lim
q→0
ω
q2
χ′′(q, ω) . (8)
Therefore, the spetrum of the regular part of the optial
ondutivity an be dedued from eqns. (5) and (6).
The main goal of this work is to analyze, to whih
extent eqns. (5) and (6) are onsistent with QMC alu-
lations. The signiane of suh omparison is with the
regular part of the spin ondutivity. It will not larify
the size of the Drude weight, as any disrepany aris-
ing may be due to partial spetral weight transfer into
a Drude weight. Furthermore, we fous on the isotropi
point ∆ = 1, whih may be dierent from the anisotropi
ase. To begin, we note, that eqns. (5) and (6) approxi-
mate the on-shell part of the spetrum for |ω± vq| ≪ T .
Yet, similar to the omparison with tTMRG in eqns.
(C2) and (C3) of ref. [19℄, we will assume them to be valid
for all ω. Furthermore, χq is known to monotonously
inrease for the Heisenberg model as q → pi/2. How-
ever, χq = K/(2piv(1 + c)) from bosonization is momen-
tum independent. Therefore, a momentum dependene
K → Kq, v → vq - albeit weak at q ≪ 1 - is to be allowed
for, when mathing up eqns. (5) and (6) with QMC.
We perform the omparison to QMC by transforming
χret(q, ω) onto the imaginary time axis
χ (q, τ) = 2
∞∑
n=0
cos(ωnτ)χ(q, ωn)− χ(q, 0)
χ(q, ωn) =
Kqvqq
2/(2pi)
(1 + b)ω2n + (1 + c)v
2
qq
2 + 2γq|ωn| (9)
The main point is, that a orresponding χQMC (q, τ) an
be obtained diretly from QMC, following preeding work
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Figure 1: Imaginary-time suseptibility χQMC(q, τ ) at q =
pi/64 on 128 sites, for two temperatures T , tted to χ(q, τ )
from eqn. (9) (lines) in three ways, namely: γq,QMC opti-
mized (solid), γB taken from ref. [19℄ (dashed), and γ fored
to zero (dotted). The index 'i' on the y-axis refers to χ(q, τ )
from eqn. (9) for the lines in panels a) and b) as well as to
QMC for the symbols in panel a). Panel a) Global behav-
ior of χQMC(q, τ )/χQMC(q, 0) for T/J = 0.1 (QMC, squares)
and 0.25 (QMC, irles). In this panel the three ts (lines)
are indistinguishable on the sale of the plot. Panel b) Error
2σ of χQMC(q, τ ) for eah τ evaluated (error bars) and dif-
ferene χ(q, τ )−χQMC(q, τ ) between QMC and the three ts
(lines). 2σ for the QMC data is O(10−7). Plots orresponding
to T/J = 0.1 have been shifted by 2× 10−6.
employing the stohasti series expansion method [23℄.
This involves only the statistial error, whih is well on-
trolled. Unontrolled soures of error, due to e.g. trans-
formations to real or Matsubara frequenies, do not o-
ur. χ (q, τ) is gauged against χQMC (q, τ) by tting Kq,
vq, and γq at small momentum, while retaining b and c
as given by bosonization. This is justied, beause the
latter two onstants do not enlarge the spae of tting-
parameter, as any modiation of them an be absorbed
into a renormalization of Kq, vq, and γq. Regarding the
temperature range, we onne ourselves to T/J ≤ 0.25.
This is motivated by the PE to O(g3, T 2) for thermody-
nami properties to agree rather well with QMC results
up to T/J . 0.1 [24℄, while for T & 0.25 the PE starts
to fail signiantly.
Fig. 1 shows the result of the omparison of QMC with
eqn. (9) for the smallest non-zero wave-vetor q = pi/64
of a 128-site system for two temperatures T/J = 0.1 and
0.25 allowing for three dierent hoies of γq, namely (i)
γq,QMC as optimized by tting, (ii) γB taken from the
bosonization, and nally (iii) γq = 0 fored to be zero
[25℄. The upper panel b) of this gure learly demon-
strates, that QMC is inonsistent with γq = 0 and that
inreasing γq above zero improves the quality of the t.
In partiular the best t, i.e. for γq,QMC , is idential
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Figure 2: Momentum dependene of the renormalized Lut-
tinger parameter Kq, spinon veloity vq , and sattering rate
γq,QMC/γB for the rst non-zero six momenta on a 128 site
system for two temperatures T/J = 0.1 (white symbols) and
0.25 (blak symbols). Note that γq,QMC/γB for T = 0.1 has
been saled by 2 to t into the plot.
within the standard deviation 2σ (error bar) to QMC for
almost all τ ∈ [0, β] at both temperatures. Yet, we nd
γq,QMC > γB, and moreover there are systemati osilla-
tory deviations. While the latter seem a subdominant ef-
fet, whih ould be due to the on-shell approximation in
eqns. (5) and (6), these deviations may also indiate rel-
evant orretions to diusion and should be investigated
in future studies. We emphasize the vertial sale on
panel b) of g. 1 whih demonstrates that high-preision
QMC is mandatory for the present analysis. Fig. 1 is a
entral result of this work. It shows that QMC is onsis-
tent with a dynami struture fator of the isotropi an-
tiferromagneti Heisenberg hain whih is approximately
diusive at intermediate temperatures in the long wave-
length limit with a diusion kernel (1 + c)v2/(2γq,QMC).
Any momentum dependene of γq,QMC , to be disussed
later, implies orretions to this diusion. Next, and to
further support our approah, we will also disuss the
Luttinger parameters we nd.
In table I we ompare the parameters obtained from
the t to QMC with results from TBA, PE and tTMRG.
T/J χq,QMC/χ0 χq,QMC/χPE γB[19℄ γtTMRG[19℄ γq,QMC
0.1 1.0005 1.0032 0.0096 0.0191
0.25 1.0005 1.0248 0.0440 0.0511
0.2 0.0297 0.0190
Table I: Columns 2 and 3: Comparison of χq,QMC =
Kq/(2pivq(1 + c)) from QMC at q = pi/64 with χ0 from TBA
[26℄ and χPE from the l.h.s. of eqn. (7). Columns 4, 5, and 6
display γ from bosonization, tTMRG, and QMC.
This table shows, that χq,QMC = Kq/(2pivq(1 + c)) at
q = pi/64 is in exellent agreement with the isothermal
suseptibility at q = 0 from the TBA for both tempera-
tures whih we have studied. This result should not be
onfused with the well know agreement between stati
QMC and TBA for the isothermal suseptibility [24℄,
but rather it is a satisfying onsisteny hek for our ap-
proah. In fat, tting the imaginary-time transform of
an approximate χ(q, ω), i.e. eqn. (5), to QMC ould
require values for Kq, vq, and γq whih deviate from ex-
atly known values for these quantities on a sale whih
is unrelated to the error 2σ of the QMC. As will be shown
later the variation of Kq and vq with momentum is very
weak as q ≪ 1, i.e. we expet no relevant hange for
χq,QMC as q → 0. Yet we are tempted to point out, that
χq=pi/64,QMC in table I is barely larger than χ0, whih is
onsistent with the momentum dependene for the exat
χq. The fat that χq,QMC/χPE > 1 and is inreasing
as T inreases, evidenes that χPE on the l.h.s. of eqn.
(7) inreasingly underestimates the TBA result as T in-
reases beyond T/J & 0.1. In g. 1 we have shown, that
γq,QMC 6= γB. Yet, table I demonstrates that γq,QMC
and γB are omparable to within fators of order 2. Most
important, the relaxation rate γq,QMC we nd is muh
larger than the width of the two-spinon ontinuum, yet,
very small ompared to temperature γq,QMC ≪ T . We
note, that ts to tTMRG [19℄ at T/J = 0.2, lead to
γtTMRG/γB ≈ 0.64.
Next we disuss the momentum dependene. Fig. 2
displays all three t parameters Kq, vq and γq,QMC ver-
sus the rst six non-zero momenta and the two temper-
atures T/J = 0.1 and 0.25 whih have also been on-
sidered in g. 2. vq and γq,QMC have been normalized
to their values given by bosonization, i.e. pi/2 and γB.
Obviously all momentum variations are very smooth and
rather weak. As an be seen from this gure, most of the
renormalization of the ratio Kq/vq from its bare value of
2/pi stems from Kq > 1. The spinon veloity vq deviates
slightly from pi/2, however only to within O(1%). As
disussed in the previous paragraph, this is neessary to
obtain an optimum t of the QMC to the approximation
eqn. (9) and does not imply that QMC is at variane with
the bare spinon veloity. Kq displays a very weak upward
urvature, while vq shows a small downward urvature.
The latter an be understood in terms of the O(q2) or-
retions to the linear on-shell dispersion ω(q) whih are
not ontained in bosonization. The ombined momentum
dependene ofKq/vq leads to the expeted inrease of the
stati suseptibility with q. Finally, γq,QMC/γB also dis-
plays a weak momentum dependene whih is larger for
T/J = 0.1. The latter may signal the onset of nite size
eets. In fat, γq,QMC 6= 0 implies a length sale l of
order O(v/(2γq,QMC )) for the regular urrent relaxation.
l is less than the system size for both temperatures stud-
ied. Yet, 128/l ≈ 9 for T/J = 0.25 and and 128/l ≈ 3
for T/J = 0.1. With momentum dependene, γ as ex-
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Figure 3: ωnσQMC(q, ωn) from QMC for the rst three non-
zero Matsubara frequenies ωn = 2pinT and wave vetors q =
npi/64, with n = 1, 2, and 3 as ompared to ω2n χ(q, ωn)/q
2
using eqn. (9) with γ = 0 (dashed) and γ = γq,QMC (solid)
on a 128 site system for a) T/J = 0.1 and b) 0.25. (See text
regarding statistial error.)
trated from a real-spae quantity [19℄ will dier from
that obtained by QMC at xed small momenta.
While the preeding has been exat up to the sta-
tistial error of the QMC, we would like to onlude
this work by speulating on the line-shape of the reg-
ular part of the ondutivity on the imaginary fre-
queny axis at ωn = 2pinT . In priniple this requires
a areful analysis of the error introdued by the Fourier
transform χQMC(q, ωn) =
∫ 1/T
0
exp(iωnτ)χQMC(q, τ)dτ .
This error will inrease as ωn inreases. Here we re-
frain from analyzing this, sine our goal is merely to
demonstrate to whih extend our QMC data disrim-
inates between a ondutivity with γ = 0 and one
with γ = γq,QMC 6= 0. To this end g. 3 displays
ωn σQMC(q, ωn) = ω
2
n χQMC(q, ωn)/q
2
as ompared to
ωn σ(q, ωn) = ω
2
n χ(q, ωn)/q
2
with χ(q, ωn) taken from
eqn. (9) and with γ = 0 or γ = γq,QMC . Without any
further ado, this gure learly demonstrates that γ = 0
in σ(q, ωn) from eqn. (8) and (9) is inonsistent with our
QMC whih however agrees very well with σ(q, ωn) for
γ = γq,QMC [27℄. This implies that QMC is onsistent
with a Drude type of behavior of the frequeny depen-
dene of the regular ondutivity with a relaxation rate
2γq,QMC . While future studies, may fous on nite size
saling, to perform the limit of q → 0, as required in eqn.
(8), this is beyond the sope of the present analysis.
In onlusion QMC is onsistent with spin dynamis
of the isotropi 1D Heisenberg antiferromagnet whih is
primarily diusive in the long wave-length limit and at in-
termediate temperatures, implying a regular part of the
spin ondutivity with a nite relaxation rate γ ≪ T .
This orroborates reent ndings by bosonization and
tTMRG. Our analysis does not allow onlusions on the
pending open questions on the Drude weight at ∆ = 1,
yet based on the numerial evidene for D(T > 0) > 0,
our ndings may open up the intriguing possibility of
a nite temperature dynamial spin ondutivity of the
isotropi Heisenberg model whih omprises of both, a
nite Drude weight and a regular part with a very large
mean free path at low temperatures. Future analysis
should fous on the relevane of orretions beyond the
on-shell approximation, on the ase ∆ < 1, and on higher
temperatures T & J .
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